Abstract. The QCD phase diagram at finite temperature and density has attracted considerable interest over many decades now, not least because of its relevance for a better understanding of heavy-ion collision experiments. Models provide some insight into the QCD phase structure but usually rely on various parameters. Based on renormalization group arguments, we discuss how the parameters of QCD low-energy models can be determined from the fundamental theory of the strong interaction. We particularly focus on a determination of the temperature dependence of these parameters in this work and comment on the effect of a finite quark chemical potential. We present first results and argue that our findings can be used to improve the predictive power of future model calculations.
Introduction
Studies of the chiral phase structure of Quantum Chromodynamics (QCD) at finite temperature T and finite chemical potential µ is currently a topic of very active research and is of great importance for many areas of modern physics ranging from cosmology over astrophysics to heavy-ion collision experiments. Low-energy QCD models, such as Nambu-Jona-Lasinio-type (NJL) and quark-mesontype (QM) models, open valuable insights into the dynamics underlying the structure of the QCD phase diagram, see, e.g., Refs. [1] [2] [3] [4] for reviews. However, model studies usually require to fix a set of parameters such that a given set of low-energy observables at vanishing temperature and quark chemical potential is recovered correctly. The so determined set of parameters is then used to predict, e.g., the location of the chiral phase boundary at finite temperature and/or quark chemical potential. Unfortunately, different parameter sets may reproduce the correct values of a given set of low-energy observables at T = µ = 0 equally well but may lead to different predictions for the phase diagram, e.g., to different critical temperatures. In addition, the model parameters may depend on the temperature and the quark chemical potential, unless they are fixed at an ultraviolet (UV) scale which is much greater than the temperatures and chemical potentials under consideration. However, the latter is usually not the case. Therefore it is reasonable to assume that model parameters depend on the external control parameters, such as the temperature or the quark chemical potential. One of the assumptions underlying the construction of QCD low-energy models is that the dynamics associated with gauge degrees of freedom at high-energy scales has been formally integrated out and is absorbed into the parameters of the model. For example, four-quark interactions are induced by quark-gluon interactions (e.g. two-gluon exchange diagrams) in the high-energy limit. A determination of the dependence of model parameters on the temperature and the quark chemical potential therefore requires a study of quark-gluon dynamics at momentum scales above the UV cutoff scale defining the model under consideration. Our guiding principle is to use renormalization group (RG) flow equations to calculate the T -and µ-dependence of the parameters of NJL/QM-type models. In this work, we particularly focus on the computation of gluon-induced quark self-interactions at finite temperature and quark chemical potential which can then be used to compute the T -and µ-dependence of the effective quark self-interactions entering NJL/QM-type models. More specifically, at some particular scale to be defined below, we shall project the results from our QCD RG-flow calculations onto a NJL/QM-type model. This paper is organized as follows: In Sec. 2, we discuss the RG flow of gluon-induced quark selfinteractions. The initial conditions for these flows are set by the standard QCD action. We analyze the fixed-point structure of the gluon-induced quark self-interactions at finite temperature and quark chemical potential following Refs. [5, 6] , see Ref. [7] for a review. We then discuss the projection of the gluon-induced four-quark interaction channels onto a NJL/QM-type model. This is detailed in Sec. 3 where also the implications of such a parameter determination for studies of the phase diagram within this class of low-energy models is discussed. Our summary can be found in Sec. 4.
Gluon-induced quark self-interactions
For our computation of the RG flow equations of gluon-induced quark self-interactions, we employ an RG equation for the quantum effective action Γ, the Wetterich equation [8] . The effective action then depends on the RG scale k (infrared cutoff scale) which determines the RG 'time' t = ln(k/Λ) with Λ being the UV scale at which we fix the initial value for the strong coupling α = g 2 /(4π). For our discussion in this section, it suffices to consider the following ansatz for the scale-dependent effective action Γ k in Euclidean spacetime, see Refs. [5] [6] [7] 9] :
Here, A µ = A z µ t z with t z being the generators of the group SU(N c ) in fundamental representation and Z A is the wave function renormalization associated with the gauge fields. The inclusion of the ghost sector and a gauge fixing term is tacitly assumed.
In our studies below, we shall always restrict ourselves to Landau gauge which is known to be an RG fixed point [10, 11] . Moreover, we have set Z ψ = 1 for the wave function renormalization of the quark fields in Eq. (1) which implies that the associated anomalous dimension η ψ is zero. In the Landau gauge, this has been indeed found to be the case in the chirally symmetric regime of QCD [12] , at least if we drop any nontrivial momentum dependencies of the four-quark interactions and consider them in the point-like limit,λ i (|p j | k). The ansatz (1) respects the SU(N c ) gauge symmetry and the U(N f ) L × U(N f ) R flavor symmetry, where N c and N f denotes the number of colors and flavors, respectively, i.e. we drop U A (1)-violating terms and set the current quark masses to zero. The first two four-quark interaction channels in Eq. (1) are defined as follows: with color (i, j, . . .) and flavor (a, b, . . .) indices assumed to be contracted pairwise. These two channels correspond to color and flavor singlets. The remaining two channels have a non-trivial color and flavor structure and are given by
where, e.g., (ψ (1) is Fierz-complete in this respect. It is possible to construct other four-quark interaction channels from these channels which correspond to the ones underlying conventional NJL/QM-type model studies. For example, for N f = 2, the (S − P) and (V + A) channel can be combined to yield the conventional four-quark channel (S − P) associated with σ-meson and pion interactions in NJL/QM-type models:
Here, the τ i 's denote the Pauli matrices and the determinant is taken in flavor space. In terms of the four-quark couplings, this channel corresponds to the the combinationλ σπ =λ σ − 2 3λ + . The first term in Eq. (4) is the conventional scalar-pseudoscalar channel associated with σ-meson and pion interactions in model studies. The second term in Eq. (4) has the same structure as a term associated with topologically non-trivial gauge configurations that break the U A (1) symmetry [13] . As we do not take into account a breaking of the U A (1) symmetry, the first and the second term in Eq. (4) contribute with the same strengthλ σπ . Note that we are only interested in a computation of the RG flows of these potentially gluon-induced four-quark interactions at intermediate and high momentum scales above the chiral symmetry breaking scale. Therefore this approximation still appears to be reasonable as a strong deviation between the two couplings is only expected to emerge in the infrared (IR) regime close and below the chiral symmetry breaking scale [14] . Below, we shall therefore identify the couplingλ σπ with the four-quark coupling appearing in conventional NJL/QM-type studies.
Using the Wetterich equation together with the ansatz (1), we obtain the flow equations for the four-quark interactions which can be conveniently written in the following general form in the pointlike limit [5] [6] [7] 9] :
where i ∈ {−, +, σ, VA}. The renormalized dimensionless couplings are defined as λ i = k , and depend on the number of flavors, colors, the dimensionless temperature T/k and, in general, also on the dimensionless quark chemical potential µ/k. In the limit T → 0 and µ → 0, these coefficients become regularization-scheme dependent constants. For our explicit numerical studies, we employ the socalled 4d exponential regualor [15] for which the exact form of the coefficients A
j , and C (i) as a function of T/k can be found in Ref. [6] . For other regulator functions (e.g. linear regulators [16, 17] ), the general form of the flow equations (5) (i) on, e.g., the temperature changes. As initial condition for the four-quark couplings, we choose λ i → 0 for k → Λ, which ensures that our ansatz Γ k for the effective action is identical to the QCD action in this limit, i.e. Γ k→Λ → S QCD .
The flow equations of the couplings λ i provide us with a simple picture of the chiral dynamics in gauge theories [6, 7, 9, 12] . To see this, we consider the flow equations (5) and Fig. 2 . From Eq. (5), it follows that the β-function associated with the coupling λ i is an inverted parabola as a function of λ i . 1 In the limit T → 0, µ → 0, and g 2 → 0, the β-functions of the four-quark couplings have two fixed points: an IR attractive Gaußian and an IR repulsive non-trivial fixed point, see black solid line in Fig. 2 . 2 Since we choose λ i = 0 as initial condition for all four-quark couplings, the system stays at the Gaußian fixed point, i.e. remains non-interacting on all scales in this limit. For increasing gauge coupling g 2 but still for T = 0 and µ = 0, the two fixed points (i.e. zeroes) of the β-functions of the couplings λ i approach each other, see Fig. 2 . Increasing the gauge coupling further, we observe that the two fixed points annihilate each other at a critical value of the gauge coupling g 2 = g 2 cr . Increasing now the gauge coupling beyond this critical value, the parabola is pushed below the λ i axis and the flow is no longer governed by the fixed points and the four-quark couplings start to increase rapidly and approach a divergence at a finite scale k = k SB , indicating the onset of spontaneous symmetry breaking associated with the formation of corresponding condensates. In fact, the couplings λ i are inverse proportional to the mass parameter of a Ginzburg-Landau-type effective potential in a bosonic formulation, see Ref. [7] for details and also our discussion in Sec. 3 below. At this point, we have traced the question of chiral symmetry breaking back to the strength of the coupling g relative to the critical coupling g cr .
For finite temperatures [6, 7, 9] , the Feynman diagrams contributing to the RG flow of the fourquark couplings are parametrically suppressed as all quark modes acquire thermal masses. In other words, the coefficients A jk → 0 for T → ∞. As a consequence, the parabolas associated with the β-functions of the four-quark 1 Here, we assume that the A (i) j j 's are positive [5] [6] [7] 9 ]. 2 The arrows in Fig. 2 indicate the direction of the RG flow towards the IR limit.
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couplings become broader and higher for increasing temperature, see Fig. 2 . Thus, the critical value of the gauge coupling increases with increasing T/k. This observation already suggests that a critical value of the temperature exists above which the four-quark couplings remain finite on all scales, i.e. the system remains in the chirally symmetric phase. In Refs. [6, 9] , this interplay of the fixed points of gluon-induced four-quark interactions and the running gauge coupling has been used to obtain a first-principles estimate for the chiral phase transition temperature as a function of the number of quark flavors which has indeed been found to agree very well with state-of-the-art lattice QCD results [18, 19] . Moreover, a corresponding fixed-point analysis in the presence of a finite magnetic field provides an explanation of inverse magnetic catalysis in QCD [20, 21] .
At finite quark chemical potential, the situation is similar to the case of finite temperature. In particular, the coefficients A (i) jk associated with the pure quark loop in Fig. 1 tend to zero for µ/k → ∞ as well. Thus, the parabola becomes again broader and higher when µ/k → ∞ is increased, see also Fig. 2 . This suggests that the critical value of the gauge coupling also increases with increasing µ/k, implying the existence of a critical value of the quark chemical potential above which no spontaneous symmetry breaking occurs.
For an actual numerical solution of the flow equations of the four-quark couplings, we need to specify the running of the strong coupling g 2 . In this work, we do not compute the running coupling but use it as an input. More specifically, we employ the running coupling from Refs. [5, 6] where it has been computed within the background-field formalism at zero and finite temperature with the same exponential regulator function as we use here. With respect to an analysis of the effect of a finite quark chemical potential, we therefore restrict ourselves to a qualitative discussion. In any case, a word of caution needs to be added here: At high momentum scales (i.e. in the perturbative limit), the running of the coupling g 2 computed within the background-field formalism is indeed identical to the one of the coupling g [14, 22] , the coupling g 2 ψ / Aψ has been found to be greater than the background-field running coupling. Therefore, the use of the background-field coupling from Refs. [5, 6] in this work may be considered as an approximation. A detailed analysis of this issue will be presented elsewhere. Here, we only state that the scale Λ I (see Eq. (11) below) at which we project the gluon-induced four-quark couplings onto a QCD low-energy model increases already at zero temperature when we employ g 2 ψ / Aψ in our calculations. In any case, we shall fix the coupling in the deep UV regime and use α(k = 20 GeV) 0.163 [23] .
In the following we do not aim at a direct computation of the chiral finite-temperature phase boundary from an analysis of gluon-induced four quark-interactions as detailed in Refs. [5, 6] . We rather employ the set of flow equations (5) to compute the temperature dependence of the four-quark couplings entering NJL/QM-type model studies. Therefore, we do not search for a divergence of the gluon-induced four-quark couplings but evaluate them already at a higher scale Λ I > k SB to read off the value of the temperature-dependent four-quark couplings and use them as input for QCD lowenergy model studies. Thus, the scale Λ I is identified with the UV cutoff scale of the low-energy models. Still, an analysis of the fixed-point structure of the four-quark couplings is very useful to obtain an analytic understanding of the strength of the gluon-induced four-quark couplings which are eventually used to fix the parameters of QCD low-energy models. From Fig. 2 , we deduce that an IR attractive Gaußian fixed point is approached at high momentum scales as the gauge coupling tends to zero logarithmically in this regime. Towards the IR regime the gauge coupling increases and the IR attractive Gaußian fixed point becomes an interacting IR attractive fixed point. The four-quark couplings follow this fixed point. At least in the weak-coupling limit, the fixed-point values λ * i of the EPJ Web of Conferences four-quark couplings can be computed analytically. Up to numerical factors, we find
where λ * i and g depend on both the temperature and the RG scale k. Thus, the four-quark couplings are not parameters of our study but indeed induced by the fundamental quark-gluon interactions. Our choice to set the four-quark couplings to zero at the initial high-momentum scale is consistent with the appearance of the Gaußian fixed point in this limit. From Eq. (6), we obtain immediately a first estimate of the temperature-dependence of the effective four-quark couplings λ NJL,i entering QCD low-energy model studies:
Here, the scale Λ 0 is the UV cutoff scale of the low-energy model under consideration which we assume to be kept fixed also at finite temperature. Recall that the C (i) 's are associated with the twogluon exchange diagram in Fig. 1 and depend in general also on the temperature. In any case, the temperature dependence of the strong coupling directly affects the temperature dependence of the parameters of the low-energy model. We conclude this section by noting that the arguments leading to Eq. (7) are very general and can be straightforwardly extended to external parameters other than the temperature, such as a quark chemical potential, isospin chemical potential, and a magnetic field.
Low-energy model from gluon-induced quark self-interactions
For the low-energy sector of QCD, we now consider the standard NJL model with two massless quark flavors and N c = 3 colors [1] defined by the following ansatz for the so-called classical action:
As we shall see below, this model comes with three parameters. As it is non-renormalizable, we define it with an UV cutoff Λ 0 which represents one of these parameters. As a consequence, the regularization scheme belongs to the definition of the model. Here, we shall use the same exponential regulator function as in our study of the RG flow of the gluon-induced four-quark interactions in order to facilitate the projection of the latter on the NJL model. In our ansatz (8) we have dropped the 't Hooft term which appears in the definition of our four-quark channel associated with the coupling λ σπ , see Eq. (4). In our present exploratory study of the temperature dependence of parameters of low-energy models, we shall assume that the gluon-induced λ σπ -channel can be identified with the λ NJL -channel in the NJL model at its UV cutoff scale. Note that λ NJL is in general a scale-dependent quantity. Two comments are in order here: First, this implies that we assume that the breaking of the U A (1) symmetry is still small at least at intermediate and large momentum scales and only becomes significant in the low-energy limit, which indeed appears reasonable [14] . Second, as we shall study the NJL model in the mean-field approximation, we add that this approximation is plagued by a so-called Fierz ambiguity which cannot be resolved even if we considered a Fierz-complete ansatz for the (effective) action [24] . Moreover, our NJL model ansatz is not even Fierz-complete. Therefore the projection of our gluon-induced four-quark interactions onto the NJL model (8) is to some extent ambiguous and we shall not aim at quantitative studies but rather aim to provide qualitative guidance on how QCD low-energy models can be amended on the basis of the fundamental theory. For a computation of low-energy observables, the purely fermionic formulation of the NJL model in Eq. (8) may not be the most convenient choice since it requires to resolve the momentumdependence of, e.g., the four-quark vertex. Therefore, a partially bosonized formulation of the NJL model might be better suited. Such a formulation of the action can be obtained straightforwardly from a Hubbard-Stratonovich transformation of the underlying path integral:
where σ ∼ψψ, π ∼ψγ 5 τψ, andh is a real valued Yukawa coupling. At the bosonization scale (i.e. UV cutoff scale), the four-quark couplingλ NJL can be related straightforwardly to the Yukawa coupling and the bosonic mass parameterm 2 . We haveλ NJL =¯h 2 m 2 . Thus, a diverging four-quark coupling is associated with vanishing mass parameterm 2 , i.e. the onset of spontaneous chiral symmetry breaking, see Ref. [7] for details. Note that, including the UV cutoff scale Λ 0 , our model depends on three parameters rather than two as suggested by Eq. (8), namelym 2 ,h, and Λ 0 . The Yukawa coupling is indeed marginally relevant and is used to adjust the constituent quark mass, see Refs. [7, 25] for a detailed analysis of the fixed-point structure of this class of models.
From the stationary condition for the effective action associated with the action S PB , we find the gap equation in the mean-field approximation which determines the constituent quark massm q =hσ 0 :
where the function f k depends on the T -and µ-dependent quark propagator and the regularization scheme. For details on the computation of this gap equation for general regulators, we refer the reader to Ref. [7] . Here, we only state that the integral over the RG scale k in Eq. (10) can be directly related to the momentum integration in case of a sharp momentum cutoff. In general, the parameters of NJL/QM-type models are fixed in the limit T = 0 and µ = 0. Fixing the constituent quark massm q to a specific value in this limit, i.e.m q ≈ 0.3 GeV in our present study, the gap equation (10) can be solved forλ NJL , yielding the strength of the effective four-quark couplingλ NJL at T = 0 and µ = 0 as a function of Λ 0 ,λ NJL ≡λ NJL (Λ 0 ).
EPJ Web of Conferences
In the left panel of Fig. 3 , we show Λ 2 0λ NJL as a function of Λ 0 which remains finite in the limit Λ 0 → ∞: lim Λ 0 →∞ Λ 2 0λ NJL (Λ 0 ) 6.58. On the other hand, the gluon-induced four-quark interactions considered in Sec. 2 tend to zero at large momentum scales. In order to project the gluon-induced four-quark interactions onto our low-energy model, we determine a projection scale Λ I at T = 0 and µ = 0 which is defined to be the intersection point ofλ NJL and the corresponding gluon-induced four-quark interactionλ σπ :
By construction, the intersection point Λ I is also the UV cutoff scale of our QCD low-energy model in the following. Since we determineλ NJL by fixing the constituent quark mass to a specific value, the Yukawa coupling is fixed to a specific value in our mean-field study and the relation (11) therefore corresponds to a determination of the bosonic mass parameterm 2 =h 2 /λ σπ (k = Λ I ) in the bosonic formulation (9) of our low-energy model. In the left panel of Fig. 3 , we show λ σπ (k = Λ 0 ) (red dashed line) and λ NJL (Λ 0 ) (blue line) and observe that the two functions indeed have a single intersection point at Λ I ≈ 0.243 GeV. We add that the so determined UV scale Λ I appears to be small compared to the typical values of the UV cutoff scale in model studies. However, recall that a naive comparison between these values is potentially misleading as this scale does not represent a physical observable but depends on the employed regularization scheme. From a phenomenological point of view, the scale Λ I agrees in our case almost identically with the chiral symmetry breaking scale which sets the scale for all low-energy observables. Most importantly, we add that the actual value of this scale is sensitive to the running of the strong coupling at momentum scales ∼ O(0.5 − 1 GeV). Recall that λ σπ ∼ g 4 . A detailed analysis of this observation is left to future work. We note that the slopes of λ NJL and λ σπ as a function of Λ 0 are different, in particular at the intersection point Λ I , see left panel of Fig. 3 . Thus, the transition between the QCD RG-flows at high momentum scales and the QCD low-energy model is not smooth. A smooth transition between quarks and gluons on the one hand and hadronic degrees of freedom on the other hand without any fine-tuning requires more elaborate techniques, such a dynamical hadronization techniques in the RG context [14, 22, [26] [27] [28] [29] . Still, the projection scale Λ I has also been estimated to be of the order of the constituent quark mass when these techniques are employed [30] . In any case, once we have determined the scale Λ I , we keep it fixed in our finite-temperature studies. The temperature-dependence of the NJL model coupling λ NJL is then obtained from an evaluation of the temperature-dependent gluon-induced four-quark coupling λ σπ at the scale Λ I : λ NJL (T ) = λ σπ (T, Λ I ). In the right panel of Fig. 3 we show our results for the temperature-dependence of the dimensionless NJL model coupling λ NJL (T ) = Λ 2 Iλ NJL (T ). We observe that λ NJL (T ) decreases with increasing temperature. The actual functional dependence of λ NJL (T ) on the temperature can be well described by the following parametrization:
which is inspired from our analytic considerations, see Eq. (7), and the one-loop running of the strong coupling g 2 (q 2 ) ∼ 1/ ln(q 2 /Λ 2 QCD ). In Eq. (12),Λ I andλ NJL are parameters which we have estimated from a fit to the numerical data, and Λ QCD ≈ 0.371 GeV is the position of the Landau pole of the running coupling in the one-loop approximation. We findλ NJL ≈ 1.09 andΛ I ≈ 0.405 GeV. The scaleΛ I is essentially related to the UV cutoff scale Λ I of the low-energy model in the sense that both scales are associated with the UV extent of the model.
The temperature-dependent effective four-quark coupling λ NJL (T ) = Λ 2 Iλ NJL (T ) can now be used to study, e.g, the finite-temperature chiral phase transition with our low-energy model. To this end, we insertλ NJL (T ) into the gap equation (10) to obtain the constituent quark massm q . To distinguish the results for the temperature dependence ofm q (∼ chiral order parameter) from a conventional NJL model study with a temperature-independent four-quark coupling, we refer to the low-energy model with a temperature-dependent four-quark coupling parameter as gluon-induced NJL (GI-NJL) model.
Since the constituent quark mass decreases with decreasing coupling λ NJL for fixed UV cutoff scale and Yukawa couplingh, we expect that the chiral phase transition temperature obtained from the GI-NJL model is smaller than the one from a conventional NJL model study. In Fig. 4 , we show the constituent quark mass as a function of the temperature where the same value for the UV cutoff scale Λ I has been used in the NJL as well as the GI-NJL model to ensure comparability. Indeed, we find that the chiral critical temperature is reduced by ∼ 15% when we employ a temperature-dependent four-quark coupling λ NJL . From the conventional NJL model, we obtain T c,NJL ≈ 0.103 GeV for the absolute value of the chiral phase transition temperature. Note that the apparent smallness of the absolute value of the critical temperature is to some extent related to the actual value of the UV cutoff scale Λ I which is found to be comparatively small in our present exploratory study. In any case, we observe that the chiral phase transition temperature becomes smaller when we use the temperaturedependent four-quark coupling. Whereas our present study may not yet be correct on a quantitative level, the mechanisms underlying this observation appear to be quite general. First studies of the chiral phase boundary in the plane spanned by the temperature and the quark chemical potential indicate that the phase transition temperature also becomes smaller for a given value of µ when we employ a Tand µ-dependent effective four-quark coupling in the QCD low-energy model, although the effect seems to become smaller with increasing µ.
Summary
In this work we explored a possible dependence of QCD low-energy model parameters on external control parameters, with an emphasis on the temperature dependence of four-quark interactions. In particular, we have shown on very general grounds how RG flow equations at high momentum scales allow for a first-principles computation of the parameters of QCD low-energy models. For the standard NJL model, we find that the model parameter associated with the four-quark coupling decreases with increasing temperature which eventually results in a decrease of the chiral phase transition temperature, also at finite quark chemical potential. More specifically, for µ = 0, we find that the use of the temperature-dependent four-quark coupling lowers the chiral phase transition temperature by ∼ 15% compared to the result from a study with a temperature-independent coupling. Our present study is not yet quantitative. Still, the mechanisms, namely the thermal suppression of gluon-induced four-quark interactions at high momentum scales, indeed appears to be very general. In fact, from our analysis of the RG flow equations of the gluon-induced four-quark interactions, we have even deduced a simple functional form for the temperature dependence of the four-quark interaction of low-energy models which may already turn out to be useful to guide future model studies of the QCD phase diagram.
